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Abstract The formation of domain configuration in fer-

roelectrics is a consequence of energy minimization, and

critically depends on their transformation strain and spon-

taneous polarization. In this article, we develop an energetic

analysis on ferroelectric domain patterns using equivalent

inclusion method, treating ferroelectric domain as an ellip-

soidal inhomogeneous inclusion in a ferroelectric matrix.

The potential energy of the domain is calculated in terms of

its orientation and shape, and the energy minimizing con-

figurations have been identified. Both tetragonal and rhom-

bohedral crystals have been analyzed, and the lamellar

domain configurations as predicted by the compatibility

analysis have been recovered. Additional energy minimizing

states have also been revealed, including needle type of

domains and charged domains. Different contributions of

strain compatibility and polarization compatibility have also

been analyzed.

Introduction

Ferroelectrics are materials with switchable transformation

strain and spontaneous polarization. Due to symmetry

reduction during ferroelectric phase transition, multiple

variants with distinct yet crystallographically equivalent

transformation strains and spontaneous polarizations often

coexist in a ferroelectric, resulting in complicated domain

configuration. Such domain configurations not only reveal

intrinsic dipolar interactions in ferroelectric lattice, but may

also be engineered for technological applications. For

example, it is now well known that relaxor ferroelectric

crystals with engineered domain configurations often exhibit

much enhanced piezoelectric coefficients and electrome-

chanical coupling factors compared to their single-domain

state [1–8], and the 90� domain switching in barium titanate

crystal can lead to much higher actuation than linear piezo-

electric strain [9–12]. Thus a good understanding on the

configuration of ferroelectric domains is important from both

scientific and technological point of views.

The formation of domain configuration in ferroelectrics

is a consequence of energy minimization, and critically

depends on their transformation strain eðiÞ and spontaneous

polarization PðiÞ: It was proposed that for the formation of

an energy minimizing domain configuration, the transfor-

mation strain and spontaneous polarization across domain

wall need to be compatible [13], satisfying

eðiÞ � eðjÞ ¼ 1

2
ða� nþ n� aÞ; ðPðiÞ � PðjÞÞ � n ¼ 0;

where n is the normal of the domain wall, and superscripts (i)

and (j) are used to refer to variants at both sides of domain

wall. Based on the solutions of the compatibility equations,

different domain walls have been classified, and various

domain patterns have been constructed [13, 14]. Through

classical Landau-Ginzburg-Devonshire theory [15–18] or

newly developed unconventional theory [19, 20], the domain

configurations of ferroelectrics have also be simulated

numerically using phase-field method, which confirmed the

compatibility of transformation strain and spontaneous
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polarization across domain wall. These studies are able to

recover many of the experimentally observed domain con-

figurations, with an important exception, the charged domain

wall, across which the spontaneous polarization is not

compatible. Such charged domain walls are commonly

observed in ferroelectric crystals [21–24], and their exis-

tence is often attributed to the charge screening effect.

While the domain analysis based on the compatibility of

transformation strain and spontaneous polarization is able to

analyze the morphology of domain configurations, it cannot

predict the energy penalty and stability of domain patterns

deviating from the energy-minimizing state, such as charged

domain walls. Furthermore, it does not separate the effect of

strain compatibility from polarization compatibility, which

may play quite different roles in different systems, as we will

show later. It does not account for the inhomogeneity arising

from the crystalline anisotropy either, which inevitably

results in additional disturbance field that is also often

ignored in the phase-field simulations. As such, we develop

an energetic analysis on ferroelectric domain patterns using

equivalent inclusion method [25–27] in this article. In par-

ticular, we treat ferroelectric domain as an ellipsoidal inho-

mogeneous inclusion, and analyze its potential energy versus

its orientations and shape aspect ratios. Both tetragonal and

rhombohedral crystalline systems have been analyzed, and

the lamellar domain configuration as predicted by the com-

patibility analysis have been recovered. Additional energy

minimizing states have also been revealed, including needle

type of domains and charged domains, and contributions of

strain compatibility and polarization compatibility have also

been identified. For example, while the 90� domain in

tetragonal BaTiO3 crystal is dominated by strain compati-

bility, both the 71� and 109� domains in rhombohedral

Pb(Mg1=3Nb2=3ÞO3-PbTiO3 (PMN-PT) crystal are domi-

nated by polarization compatibility.

Our article is organized as follows. The constitutive

equations governing the behavior of ferroelectric crystals

are introduced first in ‘‘Ferroelectric constitutive equa-

tions’’, followed by the analysis on ferroelectric inclusion

and inhomogeneity problems in ‘‘Analysis of ferroelectric

inclusion’’. The equivalent inclusion method is then applied

to analyze the energetics of ferroelectric domain patterns in

tetragonal and rhombohedral crystals in ‘‘Energetic analysis

of ferroelectric domains’’, with numerical examples pre-

sented for BaTiO3 and PMN-PT crystals. The article then

ends with ‘‘Concluding remarks’’ with summary of our key

findings.

Ferroelectric constitutive equations

We consider a ferroelectric crystal with transformation

strain es and spontaneous polarization Ps: Furthermore, the

ferroelectric can be deformed by an electric field and

polarized by a mechanical stress due to the linear piezo-

electricity, resulting in the following constitutive equations,

e ¼ FErþ dtEþ es

D ¼ drþ jrEþ Ps;
ð1Þ

where e and r are strain and stress, respectively, D and E

are electric displacement and electric field, respectively,

and FE;jr; and d are elastic compliance measured at

constant electric field, dielectric permittivity measured at

constant stress, and piezoelectric coefficient, respectively.

The superscript t is used to denote tensor transpose. This

set of constitutive equations can be inverted, resulting in a

new set of constitutive equations,

r ¼ CDðe� esÞ � htðD� PsÞ
E ¼ �hðe� esÞ þ feðD� PsÞ:

ð2Þ

Both sets of the constitutive equations can be rewritten in a

concise matrix form,

Y ¼MXþ Ys; X ¼ LðY� YsÞ; ð3Þ

with

Y ¼ e

D

� �
; X ¼ r

E

� �
; Ys ¼ es

Ps

� �
;

and

M ¼ FE dt

d jr

� �
; L ¼M�1 ¼ CD �ht

�h fe

� �
;

where the superscript -1 is used to denote matrix inversion.

Notice that the constitutive moduli M and L are both posi-

tive definite, making it convenient to analyze the energetics

of ferroelectric domain patterns using these constitutive

equations.

Analysis of ferroelectric inclusion

Inclusion, inhomogeneity, and inhomogeneous

inclusion

A domain in a ferroelectric is a subregion with distinct

transformation strain and spontaneous polarization. To

facilitate the analysis, we consider a subregion in a ferro-

electric with identical electromechanical moduli L as the

surround matrix, but having different transformation strain

es and spontaneous polarization Ps; as shown in Fig. 1a. We

refer such a subregion as an ‘inclusion’ in the ferroelectric

matrix. Without loss of generality, we assume the transfor-

mation strain and spontaneous polarization in the matrix are

zero. Due to the possible mismatch in the transformation

strain and spontaneous polarization between the inclusion

and matrix, a disturbance electromechanical field may be
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induced in both the inclusion and matrix. When the inclusion

is ellipsoidal in shape with uniform transformation strain

and spontaneous polarization, it is well known that the dis-

turbance electromechanical field Y0; within the inclusion is

also uniform [28, 29], given by [30]

Y0 ¼ TYs; ð4Þ

with

T ¼ ðN2S� N3ÞN;

and

N2 ¼
I 0

et �je

� �
; N3 ¼

0 0

et �je

� �
;

N ¼ I �dðjrÞ�1

0 ðjrÞ�1

" #
:

Furthermore, we have

e ¼ ðFEÞ�1d; je ¼ jr � dtðFEÞ�1d:

Notice that S is the piezoelectric Eshelby’s tensors that can

be evaluated as functions of electromechanical moduli L of

the matrix and aspect ratios and orientations of the ellipsoidal

inclusion [29], and I consists of second- and forth-rank unit

tensors. As a result, the disturbance electromechanical field

within the inclusion can be determined from the electrome-

chanical moduli L of the matrix, the transformation strain,

and spontaneous polarization Ys of the inclusion, and the

shape aspect ratios and orientations of the inclusion.

Now we consider a slightly different scenario, wherein the

subregion has identical transformation strain and spontane-

ous polarization as the surrounding matrix, but has different

electromechanical moduli L0; as shown in Fig. 1b. We refer

to such a subregion as an ‘inhomogeneity’ in the ferroelectric

matrix. Without the loss of generality, the transformation

strain and spontaneous polarization in both the inhomoge-

neity and matrix are assumed to be zero. In a more general

situation, the subregion may be different from the sur-

rounding matrix in both electromechanical moduli L0 and

transformation strain and spontaneous polarization Ys; as

shown in Fig. 1c. This is referred to as an ‘inhomogeneous

inclusion’. Now consider a ferroelectric containing an inho-

mogeneous inclusion and is subjected to a uniform far-field X0

that would induce a uniform Y0 ¼MX0 in the absence of

inhomogeneous inclusion. Because of the existence of the

inhomogeneous inclusion, additional disturbance field Y0 will

be induced, such that the electromechanical field within the

inhomogeneous inclusion is given by

X0 þ X0 ¼ L0ðY0 þ Y0 � YsÞ:

To determine this disturbance field, Eshelby’s

equivalent inclusion method [29] will be used. In

particular, this inhomogeneous inclusion can be replaced

by an equivalent inclusion with fictitious transformation

strain and spontaneous Y��: In order to ensure the

equivalence in electromechanical field, it is necessary that

L0ðY0 þ Y0 � YsÞ ¼ LðY0 þ Y0 � Ys � Y��Þ
¼ LðY0 þ Y0 � Y�Þ; ð5Þ

where

Y� ¼ Ys þ Y��:

In the equivalent inclusion, the disturbance field can be

calculated from Eq. 4, which is substituted into the

equivalency Eq. 5 to yield

Y� ¼ ½ðL� L0ÞT� L��1ðL0 � LÞY0

� ½ðL� L0ÞT� L��1L0Ys:
ð6Þ

Notice that the first term is contributed by heterogeneity in

the electromechanical moduli, while the second term is

contributed by the heterogeneity in transformation strain

and spontaneous polarization. If we have an inhomogeneity

instead of inhomogeneous inclusion, the second term in the

equation then vanishes.

Energetics of inhomogeneous inclusion

With the disturbance electromechanical field within the

inhomogeneous inclusion established, we are ready to

analyze its energetics. To this end, we consider a ferro-

electric D containing an inhomogeneous inclusion X with

transformation strain and spontaneous polarization Ys; and

subjected to an external field X0: The internal energy of the

ferroelectric can then be derived as

F in ¼
Z
D

1

2
ðX0 þ X0Þ � ðY0 þ Y0 � YsÞdx;

which is further simplified as

F in ¼ 1

2

Z
D

X0 � Y0dxþ 1

2

Z
X

X0 � Y��dx� 1

2

Z
X

X0 � Ysdx;

ð7Þ

where Y�� is the fictitious transformation strain and

spontaneous polarization introduced for equivalency. We

have used the fact that

Fig. 1 The schematics of inclusion (a), inhomogeneity (b), and

inhomogeneous inclusion (c) in a ferroelectric matrix
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Z
D

X0 � ðY0 � YsÞdx ¼
Z
D

X0 � ðY0 � Ys � Y��Þdx

þ
Z
X

X0 � Y��dx ¼
Z
X

X0 � Y��dx

to derive the equality, where the first term in the equation

vanishes because of the generalized Hill’s condition for

electromechanical solid [31] and the fact that the average

of the disturbance field X0 in the ferroelectric vanishes. The

potential energy of the inhomogeneous inclusion can then

be derived by subtracting external work from the internal

energy,

F ¼
Z
D

1

2
ðX0þX0Þ � ðY0þY0 �YsÞ �X0 � ðY0þY0Þ

� �
dx;

which is further simplified as

F ¼ � 1

2

Z
D

X0 � Y0dx� 1

2

Z
X

X0 � Y��dx� 1

2

Z
X

X0 � Ysdx

�
Z
X

X0 � Ysdx:

The energy variation due to the emergence of the

inhomogeneous inclusion thus is given by

DF ¼ � 1

2

Z
X

X0 � Y��dx� 1

2

Z
X

X0 � Ysdx�
Z
X

X0 � Ysdx;

ð8Þ

which provides a method to evaluate the energetics of

ferroelectric domain patterns, as we discuss in detail in the

next section.

Energetic analysis of ferroelectric domains

We now apply the equivalent inclusion method to analyze

the energetics of domain patterns in ferroelectric crystals,

including tetragonal crystal such as BaTiO3 and rhombo-

hedral crystal such as PMN-PT.

Tetragonal crystal

We first consider a tetragonal single crystal such as

BaTiO3. There are six ferroelectric variants, and the

transformation strain and spontaneous polarization of each

variant are given by

eð�1Þ ¼
b 0 0

0 a 0

0 0 a

2
64

3
75; Pð�1Þ ¼ �Pt

1

0

0

2
64
3
75;

eð�2Þ ¼
a 0 0

0 b 0

0 0 a

2
64

3
75; Pð�2Þ ¼ �Pt

0

1

0

2
64
3
75;

eð�3Þ ¼
a 0 0

0 a 0

0 0 b

2
64

3
75; Pð�3Þ ¼ �Pt

0

0

1

2
64
3
75;

ð9Þ

with respect to the cubic crystallographic axes, where

xc
1jj½100�;xc

2jj½010�; and xc
3jj½001�: The superscript ±i is used

to denote different variants, with the variants ?i and -i

having identical transformation strain but opposite sponta-

neous polarization. Both 90� and 180� domains are possible

in a tetragonal crystal, which we will discuss in detail next.

The globe coordinate system is chosen as x1jj½100�;x2jj½010�;
and x3jj½001�; as shown in Fig. 2a.

90� domain

To analyze 90� domains, we consider a tetragonal ferro-

electric crystal with transformation strain eð3Þ; spontaneous

polarization Pð3Þ; and electromechanical moduli Lð3Þ; as

shown in Fig. 2. When an external electric field E0 is

applied along x1jj½100� direction, a new domain will

nucleate with transformation strain eð1Þ; spontaneous

polarization Pð1Þ; and electromechanical moduli Lð1Þ: This

is referred to as the 90� domain, since the polarization of

the new domain forms a 90� angle with the original one, as

shown in Fig. 2b. Notice that Lð1Þ and Lð3Þ are different in

the global coordinate system due to the crystalline anisot-

ropy, and are related by the tensor rotation. As such, the

Fig. 2 The schematics of

domains in tetragonal

ferroelectric crystal

(a) tetragonal unit cell

(b) 90�, and (c) 180� domains
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new domain is regarded as an inhomogeneous inclusion in

a ferroelectric matrix, with the effective transformation

strain and spontaneous polarization of the inhomogeneous

inclusion given by eð1Þ � eð3Þ and Pð1Þ � Pð3Þ: Under an

applied electromechanical loading X0; the variation of the

potential energy due to the emergence of this new domain

can be calculated using Eq. (8). We are particularly inter-

ested in how the potential energy varies with shape and

orientation of the new domain, which provides information

on the energy-minimizing domain configuration as well as

its stability. To be specific, the new domain is assumed to

be spheroidal, and its shape aspect ratio is defined by

a3/a1 = a3/a2, with ai being the dimension along the

principal axes of the spheroid. The orientation of the new

domain is described by h, the angle between the x3 axis of

the crystal and X3, the rotational axis of the spheroid, as

shown in Fig. 2b. Noted that both x2 and X2 are along [010]

direction, and thus we just need one Euler angle to specify

the orientation of the new domain.

We carry out the calculation for tetragonal crystal

BaTiO3, with its single-domain electromechanical moduli

Mð3Þ and transformation strain and spontaneous polariza-

tion listed in Table 1 [32, 33]. The electromechanical

moduli Lð1Þ of the new domain can then be determined

from Lð3Þ using tensor transformation rule. The applied

electric field is 6 9 106 V/m, and no stress is applied to

the crystal. The variation of potential energy as a function

of shape aspect ratio a3/a1 and orientation angle h is shown

in Fig. 3. It is observed that there are two wells in the

energy landscape when a3/a1 approaches zero, one around

45� and the other around -45�. This suggests that lamellar

domain is the energy minimizing domain configuration,

consistent with many experimental observations. The well

at 45� corresponds to an uncharged domain with domain

wall along [101], across which the transformation strain

and spontaneous polarization are compatible [13], as

shown in Fig. 3b. The well at -45�, on the other hand,

represents a charged domain with domain wall along ½�101�;
which dose not satisfy the compatibility of polarization, as

shown in Fig. 3c. Nevertheless, the energy at h = -45�
(0:21� 106 J=m3) is only slightly higher than that at

h = 45� (�0:22� 106 J=m3), and both energy wells are

deep and connected by steep energy barrier (5:39�
106 J=m3), suggesting that the charged domain is in a

metastable state and it is not easy to convert a charged

domain to an uncharged one. Indeed such charged domains

have often been observed in experiments [21–24].

To further understand such charged domains, we notice

that transformation strain is compatible across both

uncharged and charged domain walls, and the difference in

energy must originate from the spontaneous polarization

and the piezoelectricity. To examine this in detail, we

present in Fig. 3d the energy variation as function of ori-

entation h for fully coupled ferroelectric crystal with both

spontaneous polarization and piezoelectricity, partially

coupled crystal with spontaneous polarization but no pie-

zoelectricity, and the uncoupled ferroelastic crystal with

neither spontaneous polarization nor piezoelectricity. As

expected, the energy variation of the ferroelastic crystal is

symmetric with respect to h = 0�, and the two wells at

-45� and 45� have identical energy regardless of the

applied electric field. This is because only the transfor-

mation strain exists in the ferroelastic crystal, which is

compatible at both orientations. When the spontaneous

polarization is included, energy at both well decreases, and

the well at 45� (-0.24 9 106 J/m3) becomes smaller than

that at -45� (0.19 9 106 J/m3), due to additional depo-

larization energy induced by the incompatibility in polar-

ization across the charged domain wall. If we also take the

piezoelectricity into account, which leads to additional

piezoelectric strain that may not be compatible across

domain walls, the energy changes little near both wells,

suggesting that the energy landscape is dominated by the

compatibility of transformation strain, and the incompati-

bility of piezoelectric strain is insignificant. For the fully

coupled ferroelectric crystal, we also calculate the energy

variation in the absence of any electric field. While the

energy well near -45� (4.86 9 106 J/m3) increases sub-

stantially, little change is observed for the energy well near

45� (approaching 0 J/m3).

180� domain

Since 90� domain in tetragonal ferroelectric crystal is

dominated by the strain compatibility, we also analyze

180� domain in tetragonal crystal, wherein the transfor-

mation strain is identical across the domain wall, and only

the polarization compatibility is relevant. To this end, we

consider an electric field applied along ½00�1� axis, which

induces a new domain with electromechanical moduli

Lð�3Þ; transformation strain eð�3Þ; and spontaneous polari-

zation Pð�3Þ; as shown in Fig. 2c. The variation of potential

energy as a function of shape aspect ratio a3/a1 and

Table 1 The electromechanical moduli M (FE: 10-12 m2/N; d: 10-12

C/N; jr=j0; where j0 = 8.85 9 10-12 C2/Nm2 is the permittivity of

free space), transformation strain e; and spontaneous polarization P
(C/m2) of tetragonal BaTiO3 single crystal [32, 33]

FE
11 FE

12 FE
13 FE

33 FE
44 FE

66 d31

7.4 -1.4 -4.4 13.1 16.4 7.6 -33.4

d33 d15 jr
11=j0 jr

33=j0 a b Pt

90.0 564.0 4400 129 0.9958 1.0067 0.26

5218 J Mater Sci (2009) 44:5214–5224
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orientation angle h is shown in Fig. 4. It is observed that

there are two wells in the energy landscape. One well

resides at h = 90� (-2.57 9 106 J/m3) when a3/a1 approa-

ches zero, corresponding to a lamellar domain as shown in

Fig. 4b. The other well resides at h = 0� (-2.57 9 106

J/m3) when a3/a1 approaches infinity, corresponding to a

needle type of domain, as shown in Fig. 4c. To examine both

wells in detail, we also plot the variation of potential energy

as a function of angle h at a3/a1 = 10-4 and a3/a1 = 104, as

shown in Fig. 4d. Both wells have similar energy, though

the barrier for lamellar domain is much higher. If we ignore

the piezoelectricity in the crystal, not much change is

observed in the energy variation.

Rhombohedral crystal

We then consider rhombohedral ferroelectric crystals such

as PMN-PT. There are a total of eight rhombohedral

variants, with transformation strain and spontaneous

polarization of each variant given by

eð�1Þ ¼
g d d

d g d

d d g

2
64

3
75; Pð�1Þ ¼ �Pr

1

1

1

2
64
3
75;

eð�2Þ ¼
g �d �d

�d g d

�d d g

2
64

3
75; Pð�2Þ ¼ �Pr

�1

1

1

2
64

3
75;

eð�3Þ ¼
g d �d

d g �d

�d �d g

2
64

3
75; Pð�3Þ ¼ �Pr

�1

�1

1

2
64

3
75;

eð�4Þ ¼
g �d d

�d g �d

d �d g

2
64

3
75; Pð�4Þ ¼ �Pr

1

�1

1

2
64

3
75

ð10Þ

with respect to the cubic crystallographic axes, where

xc
1jj½100�;xc

2jj½010� and xc
3jj½001�: Three types of domains

exist in rhombohedral crystal. The 180� domain is very

similar to that of tetragonal crystal, and will not be repeated

here. We will focus on 71� and 109� domains in rhombo-

hedral crystal instead. The globe coordinate system is

(a)

(b)

(c)

(d)

Fig. 3 The potential energy of

90� domain in tetragonal

BaTiO3 crystal; a the variation

of potential energy as a function

of shape aspect ratio a3/a1 and

orientation angle h; (bc) the

schematics of uncharged (b) and

charged (c) domains

corresponding to the two wells

in the energy landscape; d the

energy variation with respect to

the orientation angle h of the

new domain, at a3/a1 = 10-4

for ferroelastic,

nonpiezoelectric, and

ferroelectric crystals
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chosen as x1jj½�211�;x2jj½0�11�; and x3jj½111�; as shown in

Fig. 5a.

71� domain

For 71� domain, we consider a rhombohedral ferroelectric

crystal with electromechanical moduli Lð1Þ; transformation

strain eð1Þ; and spontaneous polarization Pð1Þ; as shown in

Fig. 5b. When an external electric field E0 is applied along the

½�111�; a new 71� domain will nucleate with electromechanical

moduli Lð2Þ; transformation strain eð2Þ and spontaneous

polarization Pð2Þ; and it can be treated as an inhomogeneous

inclusion as we discussed earlier. To be specific, we consider

rhombohedral crystal PMN-PT. The single-domain single

crystal electromechanical moduli M of PMN-PT given in

coordinate system xo
1jj½�110�;xo

2jj½�1�12�; and xo
3jj½111� are listed

in Table 2 [34–39], together with its transformation strain and

spontaneous polarization. Notice that the transformation

strain [35, 36] is calculated from the lattice parame-

ters of cubic paraelectric phase (a = 0.401 nm) [37] and

(a)

(b)

(c)

(d)

Fig. 4 The potential energy of

180� domain in tetragonal

BaTiO3 crystal; a the variation

of potential energy as a function

of shape aspect ratio a3/a1 and

orientation angle h; (bc) the

schematics of lamellar (b) and

needle type (c) domains

corresponding to the two wells

in the energy landscape; d the

energy variation with respect to

the orientation angle h of the

new domain, at a3/a1 = 10-4

and a3/a1 = 104 for

nonpiezoelectric and

ferroelectric crystals

Fig. 5 The schematics of

domains in rhombohedral

ferroelectric crystal;

a rhombohedral unit cell,

b 71� and c 109� domains

5220 J Mater Sci (2009) 44:5214–5224
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rhombohedral ferroelectric phase (a = 0.402 nm and

c = 89.91�) [38].

We first analyze the effects of shape aspect ratio and

orientation angle of the 71� domain on its potential energy.

The variation of the potential energy as a function of the

new domain orientation angle h and shape aspect ratio

a3/a1 is given in Fig. 6, and two energy wells are observed.

One well resides near h = 35.27� (-0.051 9 106 J/m3)

when a3/a1 approaches zero, corresponding to a lamellar

domain with domain wall along [011] that is energy-min-

imizing, as shown in Fig 6b. This is consistent with the

experimental observations [40]. The other well resides near

h = 125.26� (0.235 9 106 J/m3) when a3/a1 approaches

infinity, corresponding to a needle type domain. A close

examination on the energy variation of 71� domain versus

the orientation at a3/a1 = 10-4 and a3/a1 = 104, as shown

in Fig. 6d, reveals that the lamellar domain has deep well

while the needle domain has shallow well, though the

energy level at both wells is similar.

While the lamellar domain is consistent with the

analysis based on the compatibility of strain and polariza-

tion, the needle type 71� domain is unexpected, since it

involves incompatibility in transformation strain across the

domain wall. This suggests that for PMN-PT crystal, the

strain compatibility is not as important as in BaTiO3, and

this is confirmed in Fig. 7. If we only consider a

Table 2 The electromechanical moduli M (FE: 10-12 m2/N; d: 10-12 C/N; jr=j0; where j0 = 8.85 9 10-12 C2/Nm2 is the permittivity of free

space), transformation strain e; and spontaneous polarization P (C/m2) of rhombohedral PMN-PT single crystal [34–39]

FE
11 FE

12 FE
13 FE

14 FE
33 FE

44 FE
66 d31

62.16 -53.85 -5.58 -166.24 13.34 510.98 232.02 -90

d33 d15 d22 jr
11=j0 jr

33=j0 g d Pr

190 4100 1340 3950 640 1.00199 0.00079 0.225

(a)

(b)

(c)(d)

Fig. 6 The potential energy of

71� domain in rhombohedral

PMN-PT crystal; a the variation

of potential energy as a function

of shape aspect ratio a3/a1 and

orientation angle h; (bc) the

schematics of lamellar (b) and

needle type (c) domains

corresponding to the two wells

in the energy landscape; d the

energy variation with respect to

the orientation angle h of the

new domain, at a3/a1 = 10-4

and a3/a1 = 104
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ferroelastic crystal without coupling with electric field,

two energy wells are observed at h = 35.27� and

h = 125.26� when a3/a1 = 10-4, as shown in the inset of

Fig. 7a. However, if we include spontaneous polarization

and piezoelectricity in addition to the transformation

strain, the energy landscape is substantially changed: one

well corresponding to the charged domain disappears, and

the other well becomes much deeper, suggesting that 71�
domain in PMN-PT crystal is dominated by polarization

compatibility, and strain compatibility is insignificant.

This is because the value of d in its transformation strain

is rather small. To demonstrate this, we calculate

the energy variation for a set of different d with

a3/a1 = 10-4, and normalize the energy with respect to

the maximums of energy at each d, as shown Fig. 7b.

Indeed, with the increased d, one additional well corre-

sponding to the charged domain gradually appears, and

becomes deeper and deeper, indicating increased domi-

nance of strain compatibility. While the well for the

uncharged domain resides near h = 35.27� and does not

shift, the well for the charged domain shift considerably

in orientation, and eventually settles near h = 125.26� for

large d, as expected from strain compatibility analysis.

This suggests that if d is increased, the needle type

domain observed in Fig. 6a may disappears. Indeed this is

what we observe in Fig. 7c: the energy well correspond-

ing to the needle domain at a3/a1 approaching infinity

disappears, and a charged domain corresponding to the

well near h = 125.26� at a3/a1 approaching 0 emerges, as

shown in Fig. 7e.

(a) (b)

(d)

(e)(c)

Fig. 7 a The energy variation with respect to the orientation h of the

new domain, at a3/a1 = 10-4 for ferroelastic, nonpiezoelectric, and

ferroelectric crystals; b the normalized energy variation with respect

to the orientation h of the new domain, at a3/a1 = 10-4 for different d
values; c the variation of potential energy as a function of shape

aspect ratio a3/a1 and orientation angle h at d = 0.079; (de) the

schematics of uncharged (d) and charged (e) 71� domains corre-

sponding to the two wells in the energy landscape in a rhombohedral

ferroelectric crystal with d = 0.079
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109� domain

For 109� domain, we apply an electric field E0 along

½1�1�1� instead, and a new 109� domain will nucleate with

electromechanical moduli Lð�2Þ; transformation strain eð�2Þ

and spontaneous polarization Pð�2Þ; as shown in Fig. 5c.

The variation of the potential energy as a function of the

new domain orientation angle h and shape aspect ratio

a3/a1 is given in Fig. 8, and two energy wells are observed.

One well resides near h = 125.26� (-0.1 9 106 J/m3)

when a3/a1 approaches zero, corresponding to a lamellar

domain with domain wall along ½00�1� that is energy-min-

imizing, as shown in Fig. 8b. The other well resides near

h = 35.27� (0.09 9 106 J/m3) when a3/a1 approaches

infinity, corresponding to a needle type domain similar to

those discussed earlier. The 109� domain is again domi-

nated by polarization compatibility, and the analysis is very

similar to 71� domains and will not be repeated here. We

also show the comparison between 71� and 109� domains

in Fig. 8d, and it is observed the energy at both wells are

very close to each other, though 109� domain has much

higher energy barrier.

Concluding remarks

In summary, we have developed an equivalent inclusion

method to analyze the energetics of ferroelectric domain

patterns. We not only identified energy-minimizing

lamellar domain configurations as predicted by the com-

patibility analysis, but also revealed needle type domain

configurations and charged domains that are unexpected

from the compatibility analysis. The relative effects of

strain and polarization compatibilities on the domain

patterns have also been analyzed.

(a)

(b)

(c)

(d)

Fig. 8 The potential energy of 109� domain in rhombohedral PMN-

PT crystal; a the variation of potential as a function of shape aspect

ratio a3/a1 and orientation angle h; (bc) the schematics of lamellar

(b) and needle type (c) domains corresponding to the two wells in the

energy landscape; d the comparison of 71� and 109� domains
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